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for admixed

populations, applied to heritability estimation.
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Quantitative Trait Variance

For GRM G with elements (1 + F;) on
the diagonal, and elements 26;; off the
diagonal, the n x 1 vector Y of trait
values has variance

Var(Y)
The trace of this matrix is

(G) = 3 G = n(1 + Fir)
=1

= Go? + Io?

to define the average inbreeding Fyy
for the sample, and the sum of the off-
diagonal elements is

i i Gij = 27’L(’I’L - 1)95

i=1 j=1
i#]

to define the average kinship g for the

sample.

Speed et al.

Speed et al. calculated two variances,
Vy for the sample variance of trait val-
ues and Vg for the residual variance
once the genotypic effects have been
fitted, to estimate heritability:
Vy — Vi
Vy
If Fy,0s are known, we find that
(14 Fw — 205)0%
(1+ Fw — 20g)0? + o2

—

h? =

£(h2)

to emphasize the role of both inbreed-
ing and kinship.

Use of Allele-sharing GRM
Weir & Goudet, 2017, estimate half
the GRM by K :
Nty — I
1— Mg

as;j =

Mij is allele-sharing for individuals i, j,

with mean Mg over i # 4. In this
case Xk, is 0 and E[tr(K,s)] is n(1+
fw)/2, where fi = (Fw —0s)/(1 —

fs) is the within-population inbreeding
coefficient (i.e. Frg). Therefore

(1+ fw)oi
(1+ fw)os + o2
This replaces Fyy (i.e. Frr) in the
classical result with fy, reflecting that
it is fiy and not Fyy that can be esti-
mated with data from a single popula-
tion.

E(h?) =

Use of Standard GRM

When half the GRM is estimated by
Kgiq with elements
>1(Xa = 2p) (X — 21)
>r4p(1 = i)

we find for large n, the same estimate
of heritability, even though Kgiq #
K.

GCTA (Yang et al, 2011) modifies
the diagonal elements of the GRM to

2(1 4 py) Xi + 2p]

z i -
4pi(1 — pr)

If the average over SNPs of ratios is
changed to the ratio of averages, this
matrix also gives the same heritability
estimate as does K.

Relationship Between GRMs

For large sample sizes, the standard
matrix is the double-centered allele-

sharing one:
Kgiqg = (I — —J) K. (I — —J)

where J is an n X n matrix with every
element equal to 1.

We also find that, for large n,
tl“(KaS), tl“(KStd), tr(KGCTA) are all
the same, but only K,g gives inbreed-
ing and kinship estimates that rank in-
dividuals consistently across different
reference sample sets.

Numerical Results

Results for 1,000 simulated traits
using 1000 Genomes data. 10,000
causal loci were drawn randomly from
chrs 1 and 2. X axis shows true heri-
tabilities, Y axis shows estimates,

Top row uses Kgcra with average
of ratios for combining SNPs. Bottom
row uses K, as shown above.

Left column uses all SNPs, right
column uses only SNPs with MAF>
0.01.
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